Hybrid entanglement swapping supports the teleportation of any arbitrary states, regardless of whether the quantum information in the state is encoded in Discrete Variables (DV) or Continuous Variables (CV). In this work, we study the CV teleportation channel created between two ground receivers via direct lossy-distribution from a low-Earth-orbit (LEO) satellite. Such a flexible teleportation protocol has the potential to interconnect a global array of quantum-enabled devices regardless of the different intrinsic technology upon which the devices are built. However, past studies of hybrid entanglement swapping have not accounted for channel transmission loss. Here we derive the general framework for teleporting an arbitrary input mode over a lossy CV teleportation channel. We investigate the specific case where the input modes are part of DV states entangled in the photon number basis, then identify the optimal teleportation strategy. Our results show that, relative to DV photon-number entanglement sourced directly from the satellite, there are circumstances where our teleported DV states retain higher entanglement quality. We discuss the implications of our new results in the context of generating a global network of ultra-secure communications between different quantumenabled devices which possess line-of-sight connections to LEO satellites. Specifically, we illustrate the impact the teleportation process has on the key rates from a Quantum Key Distribution protocol.
I. INTRODUCTION
Quantum communication via low-orbit satellites offers the possibility of an information-theoretically secure global network [1] . The security of this network is provided by Quantum Key Distribution (QKD), in which secret keys are encoded and distributed between two parties using quantum states of light. Beyond QKD, other quantum-information protocols will be relayed over this new global network, with teleportation being one of the most important [2] .
Terrestrial quantum communication has been limited to a few hundred kilometers because of the exponential loss in optical fibers. What is more, according to the no-cloning theorem, the quantum signal cannot be noiselessly amplified [3] - [5] . A QKD experiment in 2007 achieved the communication range of 200km, which corresponds to 40dB of loss [6] , while a more recent study in 2015 used ultra-low-loss fiber to achieve a range of 300km with 50dB of total loss [7] . In contrast, the satellite-Earth channel is only affected by a thin layer of atmospheric turbulence in a zone roughly between the ground level and 12 km high. For a satellite in low-orbit (400 to 600km from Earth), the average channel attenuation is only around 5-10dB for a down-link and 20-30dB for an up-link transmission [8] . Thus, the satellite works as a relay that can potentially extend quantum communication to a global scale.
In many traditional quantum-information protocols, quantum entanglement is carried by either discrete variables (DV) or continuous variables (CV). In DV the quantum information is usually encoded into the polarization or the number of photons. In CV the quantum information is encoded in the quadratures of the optical field. Compared to DV protocols, CV protocols use homodyne (or heterodyne) detectors which are faster and more efficient. As a result, it is potentially easier to achieve higher performance levels for certain CV quantuminformation protocols. In this work we will investigate hybrid teleportation ( Fig.  1) , where the CV entanglement is used as a teleportation channel (A ′ − B ′ ), while the entangled state to be teleported (C − D) can be encoded in either DV or CV. Such a hybrid teleportation protocol has the potential to leverage the versatility of the satellite. The design and implementation of a quantum satellite-payload often involves a great engineering effort. Once a satellite is deployed, we have little freedom in altering the payload and its functionality. However, if we place a source of CV entanglement on the satellite and beam the states down to the ground, we will have a CV teleportation channel that can teleport both DV and CV entangled states. This, in turn, opens up the possibility of inter-connecting quantum-enabled devices that may be processing quantum information internally on quite different hardware architec-Approved for Public Release; Distribution is Unlimited; #19-0732; Dated 07/25/19. 978-1-7281-0962-6/19/$31.00 ©2019 IEEE tures -conditioned only on the premise that these devices have external laser links to satellites. In this work we explore this possibility, focussing on the teleportation of DV states over a CV teleportation channel (CV teleportation via a CV teleportation channel has been well studied previously [9] , [10] ).
Previous studies of entanglement swapping only focused on the context of local measurements without transmission loss [9] - [15] . In this work, we extend such previous studies to the more difficult setting of photonic loss. Our main contributions and findings in this paper are:
• We derive a mathematical model for hybrid teleportation over a CV teleportation channel, taking into account transmission losses, and propose a strategy for gaintuning in order to optimize the teleportation outcome. • We then perform a comparison between teleported and directly distributed DV entanglement (in the photonnumber basis), showing that such teleported DV entanglement can retain a higher quality, especially for an optical link loss of about 5 to 10dB. • We calculate the key rates for a robust form of the device-independent QKD protocol, showing that key rate reduces to zero at around 2dB of loss. As a result, the teleported entanglement does not show a higher key rate relative to the directly-distributed entanglement. The structure of the remainder of this paper is as follows. Section II studies how channel transmissivities affect the quality of the CV teleportation channel. Section III studies hybrid entanglement swapping using an attenuated CV teleportation channel. Section IV studies the effect of channel attenuation on a directly-distributed DV entangled state. Section V shows our simulations, while section VI summarizes our findings.
II. ATTENUATION ON A CV TELEPORTATION CHANNEL
This section outlines how channel attenuation 1 affects the quality of the CV teleportation channel. Experimentally, CV entanglement can be created by combining two singlemode squeezed vacuum states through a balanced beamsplitter. 2 Theoretically, the entangled state can be described by applying a two-mode squeezing operator on a twomode vacuum state, thereby obtaining a two-mode squeezed vacuum (TMSV) state [16] . That is, |ξ⟩ = S(ξ)|0, 0⟩ = exp
|0, 0⟩, where ξ = re iϕ and r is the two-mode squeezing parameter.â andâ † represent the annihilation and creation operators of the optical field, respectively, while the subscripts A and B denote the corresponding modes. Let = 1/2, CV entanglement is encoded in the dimentionless quadrature variables of the optical field
1 Note, that in the downlink channel from the satellite some fading will exist. However, this can be mitigated by large receiving telescopes and/or advanced adaptive optical tracking techniques, and in this exploratory work we will assume the channel loss is fixed (no fading). 2 In this paper, we assume that there is no loss at this beam-splitter. When the loss is taken into account, see [14] . respectively, where i indicates the mode, and j denotes the imaginary unit. The Wigner function of a TMSV state can then be written as [11] 
We can see that when r → ∞, this Wigner function approaches
, which represents a maximally entangled EPR state.
For each mode i of the entangled state, the channel attenuation can be modeled by a beam-splitter with transmissivity T i . The beam-splitter transformation can then be written aŝ
where the subscript v denotes the auxiliary vacuum mode. Let G σ (x, p) denote a Gaussian function with variance σ, where x and p are uncorrelated random variables with equal standard
In the Wigner-function formalism, each beam-splitter transformation is equivalent to a convolution between the input and a Gaussian function G σ T i with variance σ Ti = 2Ti 1−Ti , followed by a rescaling of 1/ √ T i in phase space [14] . For a TMSV state, when the modes are sent through two channels with different transmissivities T A and T B (see Fig. 1 ), we can perform the beam-splitter transformation sequentially on each mode:
. Let * denote the convolution operator, the first transformation (where x B and p B are taken as constants) is given by
with the second transformation being similar, giving
where τ is given by
III. TELEPORTATION BY AN ATTENUATED CV TELEPORTATION CHANNEL
A. Teleportation of an arbitrary mode
We use the CV state in Eq. (6) to describe an attenuated CV teleportation channel (A ′ − B ′ in Fig. 1 ). The channel can teleport any modes, be it DV or CV, from Alice to Bob. Let α i = x i + jp i where i indicates the mode, the arbitrary input mode to be teleported (e.g. mode D) can be denoted as W in (α in ). The teleportation process starts with a Bell-state measurement (BSM). [9] - [11] . Experimentally, this is done by combining the input mode with mode A through a 50:50 beam splitter, which results in two new modes u and v such thatx
We
After the beam splitter, the three-mode Wigner function is transformed to [11] 
and Alice performs homodyne detections for x u and p v . Alice's measurements of x u and p v are described by integration over x v and p u , respectively. After a change of variable:
After the BSM, Alice sends the result of (
The parameter g denotes the gain during the transformation, which can be experimentally tuned to optimize the output quality (see section V). When Alice teleports an ensemble of input modes, the output should be averaged over all possible values of x u and p v . The output of the whole teleportation process is
After performing the integration over x u and p v , we find that the output function is a Gaussian convolution of the input, followed by a rescaling of α ′′
.
Here G σ tel is the Gaussian function defined in Eq. (4) with variance σ tel given by
Eq. (13) agrees with previous findings for simpler scenarios where there is no channel attenuation [12] , or where the gain is set to unity [11] . When there is no channel attenuation,
. When the gain is set to unity, g = 1, the variance is further simplified to σ tel = e −2r .
B. Teleportation of a DV entangled state
In the previous subsection, we have discussed how to teleport an arbitrary input mode by an attenuated CV teleportation channel. In this section, we discuss the special case of hybrid DV-CV entanglement swapping (see Fig. 1 ). In this scenario, the input mode D is part of the DV entangled pair C −D. The teleportation is carried out by the CV teleportation channel A − B, which teleports the mode D to B ′′ . As a result, the teleportation output ρ CB ′′ is a DV entangled state. In the Wigner formalism, the transformation of mode D is described by Eqs. (12) to (13) . Since we are dealing here with a DV input, we will convert the above equations to the density matrix representation and provide a measure to qualify its level of entanglement.
In this work, we assume that the state C − D is entangled in the photon-number basis. Experimentally, ρ CD is produced by passing a single photon through a balanced beam splitter, giving
In the Wigner-function representation, the teleportation will transform the subspace of mode D according to [14] :
, where m, n ∈ {0, 1} and G σ tel is the Gaussian function of Eq. (4), with variance σ tel defined in Eq. (13) . In the density-matrix representation, the output state can be decomposed to [14] 
with γ ≡ g 2 (2σ tel + 1). In the limit where T A = T B = 1, r → ∞ and g = 1 (which leads to γ = 1), we have a 1 = b 0 = c −1 = 1/2 while all other coefficients tend to 0. The output state ρ CB ′′ becomes the same as ρ CD in Eq. (14), which is a maximally entangled state. In order to assess the entanglement in ρ CB ′′ , we use the logarithmic negativity: 0 ≤ E LN ≤ 1. When E LN = 1, ρ CB ′′ is a pure entangled state. The logarithmic negativity of the teleported state (Eq. 15) is [14] 
where λ ± k are the eigenvalues of ρ k
IV. DIRECTLY DISTRIBUTED DV ENTANGLED STATE
In the last section, we have discussed how to teleport a DV-entangled state by a CV teleportation channel. In this section, we study the case when the DV entangled state (A − B) is directly distributed from the satellite. We also assume that the state is entangled in the photon-number basis 3 , and, for simplicity, that the two down-link channels have equal transmissivity of T A = T B = T . Let us denote the two modes of the state to be directly distributed as A and B with corresponding creation operatorsâ A † andâ B † . The state can be written as
where v A and v B denotes the auxiliary vacuum modes of mode A and B, respectively. For each mode of the entanglement, the channel attenuation can be modeled by a beamsplitter with transmissivity T . In the Heisenberg picture, the beam-splitter transformation can be written as in Eq. (3), which transforms the state to
By tracing out the auxiliary vacuum modes, we obtain
The logarithmic negativity of this state is calculated by using the relation
where T A trans denotes the partial transpose and
V. SIMULATION RESULTS

A. Logarithmic negativity of teleported DV entanglement
In this subsection, we determine the optimal gain g opt LN and the corresponding maximal logarithmic negativity E max LN achieved in different conditions. We simulate the teleportation process with different values of the squeezing parameter r, gain g and the channel transmissivities T A , T B . The logarithmic negativity is calculated based on Eqs. (13), (16) , (17), (18) and (19) . The results are shown in Fig. 2 . We first vary the squeezing r while fixing the channel transmissivities at a few example values (Fig. 2, left column) . Next, we fix the squeezing at r = 2.395 (so that cosh(2r) ≈ 60) while varying the channel transmissivities from 0 to 1 (Fig. 2, right column) . It can be seen that when the squeezing is high, the optimal gain tends to
T A (Fig. 2 (c),(d) ). High squeezing also leads to higher maximum logarithmic negativities. In the case where T A = T B = 1, E max LN approaches 1 (Fig. 2 (e ), (f)), and the output is a perfect copy of the input, which is a maximally DV entangled state.
B. Comparison between a teleported and a directly distributed DV entangled state
In this subsection, we compare a teleported DV entangled state with a DV entangled state directly distributed from a satellite. We assume that both states are encoded in the photon-number basis and are given by ρ CB ′′ (Eq. (15) ) and ρ ′ AB (Eq. (22) ), respectively. The channel is assumed to be symmetric, (T A = T B = T ) so that the optimal gain is unity. The total optical link loss in dB is defined by −10 log 10 (T 2 ).
The logarithmic negativity is calculated using Eqs. (18), (19), (23) and (24). At first, the squeezing value of the CV teleportation channel is set to a high value of r = 2.395, so that cosh(2r) = 60. The result is plotted in red in Fig. 3 , where we can see that the teleported DV entangled state (solid The logarithmic negativity E LN of the teleportation-output is plotted versus different values of squeezing r, channel transmissivities T and teleportation gain g. In the left column, the squeezing ranges from 0 to 2.5 while the channel transmissivities are fixed at a few example values. It should be noted that when T A = T B = 0.562 and T A = T B = 0.316, the total channel loss is −10 log 10 (T A T B ) = 5dB and 10dB, respectively, which is the range of loss for a satellite down-link channel [8] . In the right column, the squeezing is fixed at r = 2.395 while the transmissivity T ranges from 0 to 1. The first row shows the 3D plot of the logarithmic negativity when the gain g is varied as well. The second row shows the optimal gain g opt LN that maximizes the logarithmic negativity; while the third row shows the corresponding maximal logarithmic negativity E LN . In general, we can see that E LN reaches its maximum value of 1 when the squeezing is high (r > 2.5), when the gain is tuned to the optimal value g opt
, and when there is no channel loss, i.e., T A = T B = 1. teleported key rate directly-distributed key rate Fig. 3 : A comparison of DV entanglement distributed in two different ways: teleportation by a CV channel (solid lines) and direct down-link distribution from a satellite (dashed line). Here, the initial CV state (which formed the teleportation channel) had a squeezing value of r = 2.395. The logarithmic negativity is plotted in red while the resulting bound on the secure key rate is plotted in black. line) retains higher logarithmic negativity than the directlydistributed DV entangled state (dashed line). We note that, when the optical link loss is from 5 to 10dB, the logarithmic negativity of teleported entanglement is more than double that of directly-distributed entanglement.
Next, we performed a numerical search to find the threshold squeezing r th where teleported entanglement starts to surpass directly-distributed entanglement. The average channel attenuation for the Earth-satellite channel is around 5 to 10dB for a down-link transmission [8] . At this range of loss, as can be seen from Fig. 3 , the logarithmic negativity of directlydistributed entanglement is from 0.24 to 0.07. From Fig. 2 (e) , specifically from the green dash-dotted line and the red dotted line, we can find that the teleported entanglement achieves the same level of logarithmic negativity at the threshold squeezing r th = 0.3 to 0.5, which is achievable experimentally.
To calculate the lower bound of the secure key rates, we use a device-independent QKD (DI-QKD) protocol that exploits CH non-locality testing for DV entanglement in the photonnumber basis. The security is analyzed against the individual attack where the eavesdropper is only constrained by nosignaling theory [17] , [18] . Our calculation follows closely reference [18] , using the measurement setting of s = 0.5. We assume that the estimated bit error is zero and the squeezing is r=2.395. The result is plotted in black in Fig. 3 . The solid line represents the key rate bound from the teleported entanglement, while the dashed line represents the key rate bound from the directly-distributed entanglement. At zero loss, our simulations show that when the squeezing is large (r > 5), the key rate bound derived from the teleported state is approximately that of the key rate bound from the directlydistributed state. When the loss increases, the key rate bounds become zero because the CH inequality is no longer violated. For our settings, the key rate bounds are reduced below zero before the optical link loss reaches 1dB. For this low loss, the teleported entanglement produces a lower key rate bound than the directly-distributed entanglement. However, we do note that this result is a consequence of the specific QKD protocol used and the fact that entanglement and CH inequalities are not always directly related. We anticipate the key rate behavior to be different for other QKD protocols.
VI. CONCLUSION
In this work, we have studied the effect of channel transmission loss on the creation of a CV entanglement channel. We then use the CV teleportation channel to teleport DV entanglement in the photon number basis. Our result shows that the entanglement in the teleportation output is maximized by increasing the squeezing above 2.3, tuning the gain to g opt LN = √ T B T A and minimizing channel transmission loss. For our experimental settings, we find that the teleported DV states can retain a significantly higher entanglement relative to the same states directly distributed from a satellite, especially for an optical link loss from 5 to 10dB. For a device-independent QKD protocol, the minimum key rate reduces to zero at around 1dB of loss, before teleported entanglement shows a significant advantage over directly-distributed entanglement. Note, DI-QKD protocols are the most secure but are known to produce low key rates.
